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A NEW CHARACTERIZATION OF THE MAPPINGS OF BOUNDED
LENGTH DISTORTION
PIOTR HAJ LASZ, SOHEIL MALEKZADEH
Abstract. In this paper, we present a new characterization of the mappings of bounded
length distortion (BLD for short). In the original geometric definition it is assumed that
a BLD mapping is open, discrete and sense preserving. We prove that the first two of the
three conditions are redundant and the sense-preserving condition can be replaced by a
weaker assumption that the Jacobian is non-negative.
1. Introduction
The class of mappings of bounded length distortion (BLD for short) was introduced by
Martio and Va¨isa¨la¨ [11], and it plays a fundamental role in the contemporary develop-
ment of geometric analysis and geometric topology, especially in the context of branched
coverings of metric spaces, see e.g. [1, 3, 4, 5, 6, 7, 8, 9, 10, 12].
Analytic definition. A mapping f : Ω → Rn defined on a domain Ω ⊂ Rn is said to
be of the M-bounded length distortion (M-BLD) if it is locally Lipschitz, has non-negative
Jacobian Jf ≥ 0 and
(1.1) M−1|h| ≤ |Df(x)h| ≤M |h|, for a.e. x ∈ Ω and for all h ∈ Rn.
Martio and Va¨isa¨la¨ proved that this definition is equivalent to a more geometric one.
Geometric definition. A continuous map f : Ω → Rn defined on a domain Ω ⊂ Rn is
M-BLD if it is open, discrete, sense-preserving and for any curve γ in Ω we have
(1.2) M−1ℓ(γ) ≤ ℓ(f ◦ γ) ≤Mℓ(γ),
where ℓ(γ) denotes the length of the curve γ.
A mapping is said to be BLD if it is M-BLD for some M ≥ 1.
Let us recall some topological terminology here. A mapping f : Ω → Rn is called open
if it maps open subsets of Ω onto open subsets of Rn. It is discrete if the inverse image of
any point in Rn is a discrete set in Ω. We say that f is sense-preserving (weakly sense-
preserving) if it is continuous and the topological degree with respect to any subdomain
D ⋐ Ω satisfies: deg(f,D, y) > 0 (deg(f,D, y) ≥ 0) for all y ∈ f(D) \ f(∂D). Fore more
details, see e.g. [14].
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The proof of the equivalence of both definitions given in [11] goes as follows.
If f satisfies the analytic definition, then f is locallyM-Lipschitz and the right inequality
at (1.2) follows. Also f is a non-constant quasiregular mapping, and hence by Reshetnyak’s
theorem [13], it is open, discrete and sense-preserving. Then Martio and Va¨isa¨la¨ concluded
the left inequality at (1.2) using the so called path-lifting argument which is available for
mappings that are open and discrete.
Now suppose that f satisfies the geometric definition. It easily follows from (1.2) that
f is locally M-Lipschitz and hence |Df(x)h| ≤ M |h| for almost all x ∈ Ω and all h ∈ Rn.
Since f is locally Lipschitz, open, discrete and sense-preserving it follows from [14, I.4.11]
that Jf ≥ 0. It remains to prove that |Df(x)h| ≥ M
−1|h|. Again, Martio and Va¨isa¨la¨
employed the path-lifting argument in the proof. This argument could be used only because
it was assumed that the mapping was open and discrete.
The above sketch of the proof shows that the path-lifting argument was used in both
directions of the proof of the equivalence of the analytic and the geometric definitions. In
words of Martio and Va¨isa¨la¨ (path-lifting) is perhaps the most important tool in the theory
of BLD maps.
The main observation in our paper is that the implication from (1.2) to (1.1) does not
require the path-lifting argument.
Theorem 1.1. If a continuous map f : Ω→ Rn defined on a domain Ω ⊂ Rn is such that
for any rectifiable curve γ in Ω inequality (1.2) is satisfied, then f is locally Lipschitz and
(1.1) is true.
The mappings to which Theorem 1.1 applies may change orientation. For example it
applies to the folding of the plane f(x, y) = (|x|, y). This map preserves lengths of all
curves, yet it changes orientation and hence it is not BLD. In order to apply Theorem 1.1
to the class of BLD mapping we need a condition that would eliminate mappings like folding
of the plane; it suffices to assume that the Jacobian is non-negative. The following result
which is the main result in our paper is a straightforward consequence of Theorem 1.1.
Theorem 1.2. A continuous mapping f : Ω→ Rn is M-BLD, if and only if
M−1ℓ(γ) ≤ ℓ(f ◦ γ) ≤Mℓ(γ),
for all rectifiable curves γ in Ω and Jf ≥ 0 a.e. in Ω.
Remark 1.3. The condition about non-negative Jacobain is very natural. Indeed, if
f : Ω → Rn is a Lipschitz map, that is open, discrete, and sense-preserving, then the
Jacobian Jf ≥ 0 is non-negative a.e. [14, Lemma I.4.11]. On the other hand, a Lipschitz
mapping f : Ω→ Rn with Jf ≥ 0 a.e. is weakly sense-preserving, [14, Lemma VI.5.1].
Remark 1.4. Theorem 1.2 provides a new and a simpler version of the geometric definition
by showing that the strong topological assumptions about openness and discreteness in
the geometric definition of the BLD mappings are redundant. We want to emphasize
that the proof that the analytic definition implies our new geometric definition involves
Reshetnyak’s theorem and the path-lifting argument as described above. Only the other
implication is based on a new argument that avoids topological assumptions.
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Remark 1.5. The geometric definition of Martio and Va¨isa¨la¨ is the base of the indepen-
dent theory of BLD mappings between generalized metric manifolds, but our result applies
to the Euclidean setting only.
Our proof is short and elementary, but we arrived to this simple argument through a
rather complicated way by studying unrectifiability of the Heisenberg groups.
A mapping f : X → Y between metric spaces is said to be a weak BLD mapping, if
there is a constant M ≥ 1 such that for all rectifiable curves γ in X , we have
(1.3) M−1ℓX(γ) ≤ ℓY (f ◦ γ) ≤MℓX(γ).
This definition was introduced in [2]. See also [9], where a stronger condition that (1.3) is
true for all curves γ is required.
It is a well-known fact that the identity map id : Hn → R2n+1 has (locally) the weak BLD
property. Here, Hn is the standard Heisenberg group. One of the results in [2] provides a
characterization of pure k-unrectifiability of a metric space X under the assumption that
there is a weak BLD mapping Φ : X → RN . Since the identity mapping Φ = id : Hn →
R
2n+1 has the weak BLD property, the result provides a new proof of pure k-unrectifiability
of Hn when k > n. It also follows from this characterization of pure k-unrectifiability of
X that if f : Ω ⊂ Rn → Rm has the weak BLD property, then m ≥ n and rankDf = n
a.e. In particular, weak BLD mappings f : Ω ⊂ Rn → Rn satisfy |Jf | > 0 a.e. We quickly
realized that a stronger quantitative estimate |Jf | ≥ C > 0 would imply that weak BLD
mappings with Jf ≥ 0 are BLD which is our Theorem 1.2. We could prove this estimate
using the methods of [2], but the proof was long and complicated; eventually we discovered
a very simple argument which is presented in this paper.
Our notation is pretty standard. By Hk we will denote the k-dimensional Hausdorff
measure. We will also use Hn to denote the Lebesgue measure in Rn. By Sn−1 we will
denote the unit sphere in Rn and χE will stand for the characteristic function of a set E.
Acknowledgements. We would like to thank the referee whose comments and suggestions
led to an improvement of the presentation of the paper.
2. Proof of Theorem 1.1
Suppose that f satisfies the assumptions of Theorem 1.1.
For any y ∈ B(x, r) ⊂ Ω, the segment xy is mapped onto a curve of length bounded by
M |x− y|. Hence |f(x)− f(y)| ≤M |x− y| which means f is locally M-Lipschitz in Ω. So,
it is differentiable a.e. by Rademacher’s theorem and
|Df(x)h| ≤M |h| for a.e. x ∈ Ω and all h ∈ Rn.
It remains to prove that M−1|h| ≤ |Df(x)h| for a.e. x ∈ Ω and all h ∈ Rn which is
equivalent to proving that
(2.1) |Df(x)h| ≥M−1
for a.e. x ∈ Ω and all h ∈ Sn−1.
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Since Df is a measurable mapping, there exists, for any m ∈ N, a closed set Km ⊂ Ω
such that f is differentiable at all points of Km, H
n(Ω \Km) < m
−1 and Df is continuous
on Km. Since we can exhaust Ω with the sets Km up to a set of measure zero, it suffices
to prove (2.1) for any given m ∈ N, almost every x ∈ Km and all h ∈ S
n−1. Fix m ∈ N.
It suffices to prove inequality (2.1) when x ∈ Km is a density point of Km and h ∈ S
n−1
is arbitrary. To the contrary suppose that there is a density point x ∈ Km and h0 ∈ S
n−1
such that
|Df(x)h0| = α < M
−1.
Without loss of generality, we may assume that x = 0. This is only used to simplify
notation.
It suffices to show that there is a rectifiable curve γ passing through x such that ℓ(f ◦γ) <
M−1ℓ(γ). This will contradict (1.2). To this end it suffices to show that there are
(2.2) 0 < α1 < α2 < M
−1, v ∈ Sn−1 and R > 0
such that for the curve
γ : [0, R]→ Ω, γ(t) = x+ tv = tv
the following conditions are satisfied
(2.3) |Df(tv)v| < α1 whenever tv ∈ Km and 0 ≤ t ≤ R,
(2.4) H1({t ∈ [0, R] : tv 6∈ Km}) < R
α2 − α1
M
.
Indeed, since f is locally M-Lipschitz and γ is 1-Lipschitz, |(f ◦ γ)′(t)| ≤ M for a.e.
t ∈ [0, R]. Moreover (2.3) implies that
|(f ◦ γ)′(t)| = |Df(γ(t))γ′(t)| < α1 whenever γ(t) ∈ Km.
Hence
ℓ(f ◦ γ) =
∫ R
0
|(f ◦ γ)′(t)| dt <
∫
{γ 6∈Km}
M dt+
∫
{γ∈Km}
α1 dt
< MR
α2 − α1
M
+ α1R = Rα2 < RM
−1 =M−1ℓ(γ).
Therefore it remains to prove that there are α1, α2, v and R as in (2.2) for which the
conditions (2.3) and (2.4) are satisfied.
Fix any numbers β, α1, α2 such that α < β < α1 < α2 < M
−1. Observe that M ≥ 1.
Let Cone (r, δ) be the set of all vectors h ∈ B(0, r) such that the angle between h and
h0 is less than or equal δ.
Since Df(0) : Rn → Rn is linear and continuous, there exists δ > 0 such that
|Df(0)h| < β for all h ∈ Cone (1, δ).
Since Df |Km is continuous at x = 0, there exists τ > 0 such that
(2.5) |Df(y)h| < α1, for y ∈ B(0, τ) ∩Km and h ∈ Cone (1, δ).
Let C ′(n, δ) = Hn(Cone (1, δ)). By a scaling argument
Hn(Cone (r, δ)) = Hn(Cone (1, δ))rn = C ′(n, δ)rn.
A CHARACTERIZATION OF BLD MAPS 5
Since x = 0 is a density point of Km and 0 < 1− (α2 − α1)
n/Mn < 1, there is 0 < R < τ
such that B(0, R) = B(x,R) ⊂ Ω and
(2.6) Hn(Cone (R, δ) ∩Km) > C
′(n, δ)Rn
(
1−
(α2 − α1)
n
Mn
)
.
Now we claim that there is a vector v = h¯/|h¯| ∈ Sn−1 for some 0 6= h¯ ∈ Cone (R, δ) for
which (2.4) is satisfied. Indeed, suppose to the contrary that for every 0 6= h¯ ∈ Cone (R, δ)
we have
H1
({
t ∈ [0, R] : th¯/|h¯| 6∈ Km
})
≥ R
α2 − α1
M
,
i.e.
(2.7) H1
({
t ∈ [0, R] : th¯/|h¯| ∈ Km
})
≤ R
(
1−
α2 − α1
M
)
.
Hence for any 0 6= h¯ ∈ Cone (R, δ) and u = h¯/|h¯| ∈ Sn−1∫ R
0
χKm(tu)t
n−1 dt ≤
∫ R
R(α2−α1)/M
tn−1 dt.
Thus integration in spherical coordinates yields
Hn(Cone (R, δ) ∩Km) =
∫
Sn−1∩Cone (1,δ)
∫ R
0
χKm(tu)t
n−1 dt dHn−1(u)
≤
∫
Sn−1∩Cone (1,δ)
∫ R
R(α2−α1)/M
tn−1 dt dHn−1(u)
= Hn
(
Cone (R, δ) \ Cone
(
R
α2 − α1
M
, δ
))
= C ′(n, δ)Rn
(
1−
(α2 − α1)
n
Mn
)
which clearly contradicts (2.6).
We proved that for some 0 6= h¯ ∈ Cone (R, δ) the vector v = h¯/|h¯| ∈ Sn−1 satisfies
(2.4). Now (2.3) easily follows from (2.5) with y = tv and h = v. Indeed, v ∈ Cone (1, δ)
and tv ∈ B(0, R) ⊂ B(0, τ). The proof is complete. This also completes the proof of
Theorem 1.2.
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